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Abstract 

We consider the problem of a finite-time measurement using the Lindblad equation to find an- 
alytical results, valid for weak system-environment coupling, obtained for a two-level system in 
contact with a measurer (Markovian interaction) and a thermal bath (non-Markovian interaction). 
Analysing the behavior of the coherences we obtained an expression for the maximal duration of 
the measurement which coincides with the case of no system-environment interaction. The validity 
of the expression is confirmed by the behavior of the coherences in the case of strong system- 
environment coupling, found numerically, showing that the environmental noise contributes to a 
faster measurement. 
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I. INTRODUCTION 



In quantum mechanics, the state (or wave function) of a system can evolve in two distinct 
ways: unitarily, according to Schrodinger's equation, when no measurement is being made; 
or non-unitarily, when a measurement is made on the system, with the reduction of the wave 
function in one of the eigenstates of the observable. jl[ Q It is exactly in the second case that 
resides the polemical trait of the quantum theory, as it makes only statistical predictions 
about the results of the measurement. John von Neumann discussed this problem broadly 
in his classic book where he admits that the statistical character of the measurement 
cannot be omitted. To him, the measurement involves necessarily the interaction between 
the system whose state we wish to determine, and a measuring apparatus whose state is 
completely known, so that there will be a transference of information between the system 
and the apparatus. Fundamentally, according to von Neumann, the measurement provides 
information about the system indirectly through the apparatus, which, after the interac- 
tion, is in a superposition of states related to the different eigenstates (and eigenresults) of 
the main system, then requiring the reduction postulate to determine the probabilities of 
obtaining a certain value. Proceeding with this reasoning, Asher Peres presents a view j^] 
where the procedure to obtain information from the system, called intervention, is divided 
in two parts: the measurement, when the apparatus interacts with the system and acquires 
information, and the reading (or output), when the result of the intervention is made known 
and the reduction occurs, and when we then obtain the probabilistic information from the 
diagonal elements of the density matrix - the populations. Thus, the intrinsically statistical 
character of quantum mechanics is related to the reading. 

Supposing that the system-measurer interaction can be analysed with Schrodinger's equa- 
tion (or, more precisely, with the Liouville-von Neumann equation) 1, 2)), using a Hamiltonian 
that takes into account the main system, the measuring device, and the Markovian interac- 
tion between the two, it is found an equation where, to the Liouvillian - referring to unitary 
evolutions - it is added a new term, the Lindbladian - referring to non-unitary processes. 

nn 

This is Lindblad's equation [4|, [5|, originally obtained in a more general context of quantum 
dynamical semi-groups |(3| for the analysis of irreversible phenomena, but that is used to 
treat the measurement process too Jjj, Q]- In particular, in Ref. Q Peres cites other works 
about the derivation of the Lindblad equation in the measurement context. 
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When applied to the measurement process, the Lindblad equation allows something von 
Neumann did not treat explicitly: to introduce time in the system-measurer interaction. The 
result can be known by applying the reading to the final density operator, thus maintaining 
the statistical character of the measurement. 

It is our aim here to present results regarding the time evolution of the measurement 
process, in a very simple illustration, when the system being investigated by measurements 
is not isolated from environmental perturbations. We use the effective Lindbladian (4, (| 
description of the measuring apparatus, whose interaction with the system we assume as 
Markovian. However, to treat the noise introduced by the fact that, during the finite- 
duration measurement, the system is perturbed by the environment, we use a non-Mar kovian 
Redfield approach. As we do not include the apparatus as part of the environment, we end 
up formulating an unprecedented hybrid description of a noisy measurement 8, {J. In our 
treatment, we start from an equation for the evolution of the total density operator which, 
before tracing out of the environmental degrees of freedom, involves a unitary evolution 
of the interaction between the system and its environment, together with a non-unitary 
Lindbladian evolution of the interaction between the system and the measuring device. 
Therefore, the degrees of freedom of the device might be thought of as already having been 
traced out of the formulation, so that the only tracing out left regards the degrees of freedom 
describing the non-Mar kovian noise. 

In this article we present a simple expression for the maximal duration of the measure- 
ment procedure, which is the time the measurement apparatus must be left interacting with 
the system until the reading can be performed within a minimum error margin. To this end, 
we will employ the analytical solutions found in Ref. j^j, valid for weak system-environment 
interaction, through the modulus of the coherences, which tend to a value asymptotically 
close to zero after a certain time. We will consider the time for the system-measurer interac- 
tion to end as the instant when the modulus of the coherence reaches a certain small fraction 
of its original value, because the elimination of the off-diagonal terms is what distinguishes 
a classical mixture from the pre-measurement quantum-mechanical superposition. 

The analytical expression for the maximal value does not depend on the system- 
environment coupling, only on the system-measurer coupling. As expected, the stronger 
the system-measurer coupling (i.e., the more intense the measurement), the less time is nec- 
essary to complete the reading. Employing a numerical method that allows the analysis of 
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cases with strong system-environment couplings, we confirmed that the time of measurement 
decreases as the coupling increases, for the same system-measurer interaction. Therefore, 
the measurement time is actually reduced by an increase in the noise. 

In our studies, we will not consider the process of reduction of the wave function, which 
displays the statistical character of the intervention. There are interpretations of quantum 



mechanics 
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12| where the reduction is deemed inexistent. A recent review of this subject 



can be found in Ref. 



id 



This article is structured as follows: in Sec. II we deduce an analytical expression of 
the measurement time; in Sec. Ill we analyse the validity of this expression for different 
system-environment coupling intensities using a numerical method; and we conclude in Sec. 
IV. 



II. MEASUREMENT TIME 



A. The hybrid master equation 



To derive the hybrid master equation in Ref. |8|], we have considered a main system 
S which, during the measurement process, is interacting with an environment B. Their 
evolution is governed by the Lindblad equation Q|, 

j f PsB (t) = -\ [H, Psb (*)] + [}iPsB (*) L] - \ {L]Lj,psB (*)}) , (1) 

j 

where pss {t) is the total density operator, H is the total Hamiltonian and the Lj are the 
Lindblad operators that act only on the system. The first term on the right-hand side 
acting on psB (t) is the Liouvillian superoperator, which accounts for the unitary portion 
of the propagation, while the second term, the Lindbladian superoperator, represents the 
Markovian measurement dynamics. 

In the Liouvillian term of Eq. (pQ), the total Hamiltonian can be split in terms H$ and 
Hb, which act only on S and B, respectively, and an interaction term Hsb- 

H = H B + H S b + H s . 

To model the non-Markovian noise, we suppose that the interaction term that can be de- 
composed in: 



H 



SB 



(2) 



where the Sk operate only on the system S, and B&, only on the environment B. An 
interaction of the form given by Eq. (T2]) is capable of describing both amplitude- damping 



and phase-damping quantum channels 



14j. 



The Lindbladian term of Eq. (CQ) will act solely on the Hilbert space of the system S, 
since we are interested in measuring system observables only. Using this information about 
which parts of each superoperator act on which Hilbert spaces, the right-hand side of the 
Lindblad equation ([T|) can be split in two commuting superoperators B and S that act only 
on the environment or the system, respectively, 



BX 



i 

h 



H B , X 



(3) 



SX 



h 



Hs^j+^^XL]- 1 -^,^, 



and an interaction superoperator F, which acts on both Hilbert spaces: 



FX 



i 

h 



Hsb, X 



(4) 



From thi s dy namical equation, we have employed the Nakajima-Zwanzig projector super- 



operator P 
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16[, defined as 



PX(t) = p B (to)®Tr B \X(t)\, 



to obtain the hybrid master equation, 

d - - 



df 



Pa (t) 



dt' 



PG it) G it') Pa (t) 



where 



a (t) = e~ st - Bt p SB (t) , 



and 



(5) 



(6) 



(7) 



St-Bt fpSt+Bt 



G(t) = e- bt ~ m Fe 



(8) 
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To obtain the Eq. ([6]), it is important to emphasize that PG (t) G (t ; ) Pa (0) = - see 
Ref. |s|. 

Finally, the reduced density operator p$ (t), which gives the relevant information about 
the state of the system, can be found from a (t) as defined in Eq. (J2J): 

p s (t) = Tt b {psb (*)} = e 8t Tr B {a (t)} . 
B. The specific solutions 

In Ref. {9J] we have solved the master equation (jHJ) for two different types of measurements. 
In both cases, we used the following system and environmental Hamiltonians: 

H B = hJ2^kb{h, (9) 



together with a phase- damping interaction [14j . that is characterized by the following oper- 
ators in Eq. (j2J): 

Sk = ha z , 

Bk = gJ>\ + 

where the a a , a = x, z are the Pauli matrices 

»* = I 1 , *, ,= 1 | , 
V°-v V 10 

Uo and the Uk are real constants, bk and b\ are the annihilation and creation bosonic opera- 
tors, and the are complex coefficients. The latter are constrained by an Ohmic spectral 
density, 

J (u) = ^ \9k\ 2 S(u k -u) = rjue~^, (11) 

k 

where rj > is the constant that gives the strength of the coupling between the system and 
its environment, and u c ^ is the cutoff frequency. The initial state of the environment is 
given by: 



(3 



where /3 = (/cT) _1 represents the initial temperature of the bath. 

Then, considering the cases of measuring observables L = \a z and L = Xa x , we have 
found the solutions of Eq. fl6]), valid for weak system-environment interaction rj, shown in 
the next two sections. There, the pij (t), i,j = 1,2, are the matrix elements of the reduced 
density operator p$ (£), and the upper indices in brackets in Eq. (fT5l) indicate the basis in 
which the matrix elements must be taken: the initial conditions are taken from the eigenbasis 
of a z , {|+) , |— )}, but the final answers are written in the eigenbasis of the measurement, 
because it is the latter that matters to determine whether the measurement is complete. 
In the case of measuring a x , the basis chosen is composed of its eigenvectors , |— ) x }, 

where 

' U\ = !+)+!-) 
i_\ = I+H-) 

1. The case of L = \d~ z and 

In this case, we have found the general solutions 



Pii(t) =Pii(0), 
p l2 (t) = p 12 (0) 



r 2 (^) r2 (z^i+i) 



277 (13) 



e -2\ 2 t e i2u t 



In particular, the expression for the coherence was found after solving the following integral: 



P\2 (t) = pi2 (0) exp 



—At] I dt' / due~~ sin (cot') coth 
Jo Jo 



(3hoj 



2. The case of L = \a x , T = 0, and loq = 

In this case, the particularizations T = and ojq = were necessary to find the analytical 
solutions 

pg) (t) = \ + Re \p[ z 2 ] (0)) e -8^ 9 ot e 4^[A_(t)-fl_W] ) 

(15) 



p g) ( t ) = 2pg(0)-l e _ 2A 2 f _ (Q) | e _2A^g8^ fl o*g-4^[^ +W+ B + ( t )] 
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where 

< At (t) = 2 £ dt> e^' J Q °° duj^e-Z cos (ut>) , 

B ± (t) = /„« # e ±2 ^ / °° ^^e"^ sin (arf) . 

As A_ (t) and £?_ (t) are only present in the solution for the populations, they will not be 
necessary for the calculation of the end time of the measurement. 



C. Finding the measurement time 



As we are dealing with the matrix elements of a density operator, the populations will 
provide probabilities related to different possible outcomes. We will consider here, in order 
to establish a criterion for the duration of the measurement, the behavior of the coherences. 
As it can be seen from the graphs of the moduli of the coherences in both cases, they tend 
to a value asymptotically close to zero after a short period of time (Fig. 1). Hence, the 



problem consists in finding a simple expression for the time when 
a fraction / of its original value, i.e. 



f$ (*) 



, a = x, z, equals 



pi? (t 



f P$ (0) 



(16) 



where < / < 1. The non-trivial forms of Eqs. ([H]) and (TT5j) prevent the exact solution 
of Eq. ( TTB"j) . Thus, we have to approximate the expression by means of series expansions, 
considering 1, which is justified from the behavior of the two expressions. As both 

cases involve exponentials, 



| Pl2 (t)|cxe F W, (17) 

where the oc sign includes exponentials with linear arguments and F (t) is a function whose 
form depends on the situation considered. Our approach consists in expanding F (t) in a 
power series of t : 



CO 

F(t) = ^t m F (m) (0), 

m=0 



8 



replacing the expansion in the argument of the exponential 

\p 12 ( t )\oce^ tmFim) (°\ 
neglecting higher-order terms, and solving Eq. (TTO]) using Eq. (jl8p . 



(18) 



1. The case of L = Xa z and T ^ 

First, we consider a measurement that commutes with the noise, as given in Eq. ([T 
There, the square modulus of the coherence is: 



\pi2 (t)\ = \pi2 (0)|exp 
so that Eq. ( 1T6]) becomes 



ft roc 

-At] / dt' I due~~ sin (cut') coth 
Jo Jo 



(3hu 



-2\ 2 t 



\pi2 (0)| exp 
or, simplifying, 
exp 



rt M roc 

—Ar] I dt 1 I due~^ sin (ut 1 ) coth 
Jo Jo 



(3hw 



f\pV2 



rtM roo 

Ar\ I dt' I due~~ sin (ut 1 ) coth 
Jo Jo 



(3hu 



-2\ 2 t M 



f- 



We apply the methodology of the expansion of the argument of the first integral defined by 
the function 
S 

F(t) = -Arjj due~~c v ; coth I j . (19) 

o, up to the first order in t, 

and the expression for tu becomes 



t 



1 



1X< 



ln(/) 



(21) 



where / < 1. 

The expansion up to the first order, therefore, only includes the contribution of the 
apparatus, being free of the action of the environment. The right-hand side of Eq. ([19]) . 
however, is non-negative, as the integral consists of non-negative functions. Therefore, 



F (t) < 0, and the noise terms can only make the coherence smaller, decreasing the duration 
of the measurement by our criterion. It follows that the tu calculated above is the upper 
limit for the duration of a noisy measurement. Moreover, it can be noted that the coupling 
with the environment, 77, decreases the value of the coherence, so that a stronger noise always 
results in a faster end to the measurement. 

2. The case of L = \(J X , T = 0, and loq = 

Now we consider the second of Eqs. (|T5|) . The square modulus of the coherence becomes: 



2$ (0) - 1 



{pn (0)} Z e -^ 2 * e 16 ^ 2 sot e -8^[4 + (t)+B + (t)]_ ( 22 ) 



Developing Eq. (1TB]) . we find: 



Ro 
iVn' 



-4A 2 t„ 



+ 



iVn 



-4A 2 t M A6v* 2 9ot M ^-8r)A 2 [A+ {t M )+B+ (t M )} 



where 



Ro 

Io 

N 



2pj? (0) ~ 
2 

ImjpS^O)} 2 , 

Rq + Jq- 



For the sake of simplicity, we define: 



, ^0 

so that the main equation of our problem becomes: 



fcie -4A 2 t M + ^ e -4\ 2 t M ^e^gotM e -8 V \ 2 [A + (t M )+B + (t M )} _ j2 _ ^3) 

We apply the expansion over the last exponential of the second term on the left-hand side, 



10 



F (t) = -8 V \ 2 [Ah (t) + B + (t)} , 

then, we have in Eq. ( l23l) : 



(24) 



kie~ Ax2tM + A; 2 e" 4A2 * M e 16,?A230 * M e" 8??A2(230 * M) = / 2 

hence 

^1 + ^2 _ 4A 2 t M 

Therefore, according to the definitions of k\ and &2, 

«M = -2^1n(/), (25) 

keeping in mind that / < 1. This expression is identical to Eq. (|2ip . found in the previous 
item. 

Moreover, it is possible to rewrite the second of Eqs. (]15p in the form: 
,, ? (i) = EfffMzl^ _ jIm {„« (0) } exp L 2A2( _ 8)) di , J~ toA2 e^oosK)-l e 

As we are dealing with small perturbations caused by the environment, it is safe to assume 
that the exact measurement time will be much shorter than the typical decoherence time, 
so that, in the time periods we are dealing with, tM *C oo' 1 . Therefore, we can consider 
that the cot' in the integrals is close to zero, thus leading to the approximations cos (ut') ~ 
1 and sin (ut') ~ ut', thus guaranteeing the non-negativity of the two integrands during 
the characteristic time of the measurement. We will have, therefore, negative numbers 
multiplying the coupling constant 77, thus showing that an increase in the coupling with 
the environment increases the speed with which the measurement ends even if the noise is 
causing decoherence in a different basis. 
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D. Final expression 

We have found that, regardless of the observable measured, L = Xa x or L = Xa z (even 
though some particularizations - Uq = 0, T = - were made in the first case), we have the 
same expression for the upper limit of the time of measurement: 

t M = ~hi(f). (26) 

This expression does not depend on the system-environment coupling, 77, nor on initial 
conditions, but only on the system-measurer coupling A. The initial conditions are not found 
to affect the time of measurement, but the demonstrations above show that an increase in 
77 makes the measurement faster in the two bases. 



III. COMPARISONS 



In this section, we compare the upper limit obtained above with cases where the duration 
of measurement is shorter. We consider that the phase noise occurs while the observ- 



1 



results were obtained according to the 
to which it is applied the condition 



able a x is being measured. The following numerica 
superoperator-splitting method described in Ref, 
from Eq. (fTBT) . In all the simulations, we have chosen the initial state (|+) — e tn ^ | — }) 
so that the coherences have initially no real part: 

1 /. HTr I A\ 1 /. nnr I A\ ^ . ( 7T \ . 1 . 

I = 1=1. 



Pr? (0) = £ (1 - e- /4 ) 5 (1 + e-/ 4 ) = -~ sin (£) 

Simulations of this part of the coherence are shown in Fig 1. 

This initial condition requires the simulation of only Im < (0) k which must satisfy 



Imjpg (t M )} 
Imjpi? (0)} 



<f 



at the end of the measurement, at instant t^- This simplified condition to assess tyi is 
employed in Fig. 2, where it can be verified that an increase in i] or A makes the measurement 
process faster. In these graphs, it can be seen that the increase in the measurement time 
also occurs for large values of rj, as expected from the analytical results. 
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11-0.05 




Figure 1: (Color online and in black-and-white in print) Time evolution of the absolute value of the 

coherence for the initial state ^ (|+) — e i7r / 4 |— )), for different strengths of measurement (A) and 

both weak (r] = 0.05) and strong (77 = 1, 77 = 5 ) couplings with the environment. The numerical 

results are found according to Ref. Q], while the semi- analytical results are those found in Eq. 

(|15p . so that there is a better agreement between the two methods when the noise is not so intense. 

Choosing / = 0.3 to define the end of the measurement, it can be seen from these curves that the 

measurement is faster when the coupling with the apparatus is stronger (A increases) or when the 

noise is more intense (greater 77), confirming the analytical predictions. 

13 




10 



Numerical results 
Maximum duration of measurement 
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Figure 2: (Color online and in black-and-white in print) Numerical results for the duration of the 
measurement, using / = 0.3, as a function of the coupling with the apparatus (A), for different 
values of n. The dashed line represents the upper limit to the duration of measurement, given by 
Eq. (|26p . From these curves, it can be seen once again that both an increase in the noise or in the 
strength of measurement can decrease the duration of the measurement process. 

IV. CONCLUSIONS 

The two expressions for the maximal duration of the measurement obtained analytically, 
Eqs. (|2ip and (I25|) . are identical. This is an interesting fact, given that the situations 
were distinct, not only because of the different types of measurements being made, but also 
because, in the second case, particularizations were made. 

Even less intuitive is the fact that the measurement is performed faster when a source of 
noise is present. This fact would not be so surprising when the interaction Hamiltonian and 
the measurement observable do commute, as in this case both effects cause decoherence on 
the same basis. More surprising is the fact that the effect still occurs when the measurement 
and the noise are incompatible, hinting on the universality of such phenomena. At least 
in this simple two-state system where we have shown it to occur, this phenomenon could 
possibly be used to create more precise measurements by finding a balance between the 
detrimental effects that the environment has on the state of the system and the beneficial 
effects it has in improving the measurement time. 



There are studies on the problem of the reading (or output) time [171 Il8| . where this 
time was considered as a constant of nature, independent of the system under scrutiny. 
In this way, if the process of reduction of the wave function does exist (contrary to the 
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Everettian thesis 



10 



12|), a complete treatment for the intervention problem should include 



our measurement time - Eq. (126]) - plus the reading time. Anyway, the approach of this 
paper does not contradict the statistical character of quantum mechanics. 

Of course, it all depends on the validity of the measurement time as proposed in this 
Lindbladian treatment of the measurement apparatus. As our expression for the upper 
limit in the measurement time is not only simple, but also depends solely on the system- 
measurer coupling, it can be empirically tested. Furthermore, our method can be employed 
in more complex and, perhaps, more realistic systems (more than two levels, other types 
of system-environment interaction, other types of environments, etc.), with results that can 
be used in comparative studies against other quantum-measurement approaches, such as 



the thermodynamic one of references 



I9H2IJ. Then, it may ellucidate which model best 



describes the real world and contribute to a better understanding of the fundamentals of 
quantum mechanics. 
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